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On some Disregarded Points in the Stability of Masonry Dams. 


By L. W. Arcueriey, Demonstrator in Applied Mechanics, University College, 
London. 


With some Assistance from Karu Pearson, F.RS., Professor of Applied Mathe- 
matics and Mechanics, University College, London. 


(1.) Introductory. 


THE most cursory examination of any of the current practical text-books suffices to 
show the enquirer that the present drawing office treatment of dam construction is 
defective and needs careful revision and extension. 

It is well known that owing to (i.) the manner in which masonry structures are 
built, the mixture of stones and cement, and (ii.) the nature of the sections at the 
springings or areas of support, it is extremely difficult, if not impossible, to apply to 
_ them the general theory of elastic bodies. Accordingly a theory has been developed 
of the following nature. We take a series of sections of the masonry structure ; in 
the case of the arch, these sections are perpendicular to the central line of the arch, 
which in arches is more or less clearly defined by the fact that the transverse 
dimensions from extrados to intrados are usually small as compared with the length 
of the arch, and we can speak more or less correctly of a true cross-section. In dams 
it has been usual to take the sections horizontally, and these can only be considered 
cross-sections by courtesy, for they are not invariably, or even usually, perpendicular 
to the central line, which may be defined as the line joining their centroids; such 
perpendicularity is a feature of the arch, but not of the dam. Now, if such sections, 
real or pseudo-cross-sections, be taken, and the resultant formed of all the external 
forces—loads, self-weight, reactions—for the structure on one side of the cross- 
section, this resultant strikes the cross-section in a point termed the load-point of 
that cross-section. If the load-points of the successive cross-sections be joined up we 
obtain a polygon or curve, which in the case of an arch is termed its line of pressure, 
in the case of a dam its line of resistance. The chief difference between lines of 
pressure and lines of resistance is that in the former case the line meets the section 
not only in the load-point, but indicates by the direction of its tangent the direction 
of the resultant force on the section; in the latter case the line of resistance gives 
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the point of application of the resultant force, but its tangent is not the direction ot 
that resultant. We thus distinguish, therefore, load-point loci of two classes, the 
line of pressure of the arch and the line of resistance of the dam. 

If the resultant force on any cross-section be resolved along and perpendicular to 
the cross-section, the component along the cross-section is termed the total shear on 
the cross-section, and the component perpendicular to the cross-section the total thrust 
on the cross-section. If the loads and reactions on the structure lie in one plane, and 
this plane cut the cross-sections in a principal axis of inertia of each cross-section, as 
is usual in the case of arches and dams, then the moment of the thrust about a line, 
the central awis, through the centroid of the cross-section in its plane perpendicular 
to the above-mentioned principal axis is the bending moment.* From a knowledge of 
total shear, total thrust, and either load-point or bending moment, we must, by 
adopting some hypothesis or other, be enabled to deduce the maximum stresses at 
any point of the cross-section. If the loading be symmetrical with regard to the cross- 
section we shall not be troubled with any torsional effect. The chief shearing stresses 
over the cross-section will be parallel to the line joining centroid to load-point, and 
the tensile and compressive stresses will be distributed symmetrically about this line. 
It is usual to assume that the latter stresses are proportional to their distances from 
a certain straight line termed the neutral ais; this axis is perpendicular to the line 
joining the load-point to the centroid (conjugate to it in direction in the more general 
case), and is so situated that the spin radius (radius of gyration) of the area of the 
section about its central line is a geometrical mean between the distances of the load- 
point and neutral axis from the centroid. Further, the resultant normal stress on 
the cross-section, which must be equal and opposite to the resultant external force 
resolved perpendicular to the cross-section, ¢.¢., the thrust, is equal to the area of the 
cross-section into the stress at the centroid. The nature of the distribution of normal 
stresses thus assumed would be closely reached in a column of uniform cross-section 
equal to the given cross-section of the masonry structure at any selected point and 
having its terminal section loaded with the same total thrust at the same load-point. 
The very gradual change of the cross-section in the case of an arch of the usual type 
renders this hypothesis more reasonable in the case of an arch than it is in the case 
of a dam. Probably, however, it does not deviate widely from the truth even in the 
case of a masonry dam with the usual slight batter on the front or fluid side, except for 
points quite close to the curved or polygonal surface of the flank. Rankine has 
endeavoured to allow for a change in the stresses at the flank, but his hypothesis 
seems without real justification, and we should prefer merely to say that the above 
distribution of stress should not be considered as absolutely holding right up to the flank 
of the dam. Of the general principles involved in the above assumptions RANKINE 

* Tf the above conditions be not fulfilled, the bending moment is taken about the conjugate to the line 


joining the centroid to the load-point with regard to the momental ellipse of the section. This more 
general definition, of importance in some metal structures, is not needful in the case of arches and dams. 
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himself writes* :—‘“ I have not attempted to deduce the ratio which these quantities 
(pressures at faces of dam) should bear to one another from the theory of the dis- 
tribution of the stress in a solid body; for the data on which any such theoretical 
. determination would have to be based are too uncertain.” But as he strives to get 
his lines of pressure for full and empty reservoir inside the “ middle third,” he really 
is assuming that very distribution of stress upon the cross-section which he directly 
repudiates. ‘The same tacit assumption occurs throughout RANKINE’s treatment of 
the subject in his ‘ Applied Mechanics,’ Arts. 216-219. 

In the case of most arches and dams the cross-section or strip of area we have to 
deal with is rectangular. Hence, if it be of depth ¢, perpendicular to the neutral 
axis, and the load-point be at distance ¢ from the centroid, the neutral axis at 
distance d, we have 


Ree ee ara man a cal ed pat), 
Further 
Cua. = (1 +2). -. Prine, Paar 
Tae = 9 (= 1) « Fact kuctis, aaywntnea: (iis) 


where Q is the total thrust, A the area of the cross-section and Cy. Tmax, the 
maximum compressive and tensile stresses in the cross-section. 

It has not hitherto been usual in the treatment of dams to consider the distribution 
of the shearing stresses on the section. But, whatever be the validity of the 
distribution of normal stresses assumed above, it follows for the usual types of dam 
construction with almost equal validity that the shear S at distance y from the 
central axis is given by 


E 4y? : 
$= $5 (1-44) . APL S pen Sect ALY), 


where P is the total shear on the cross-section.t If we take a vertical transverse 
section of the dam at a considerable distance from either end, there is no more reason 
why the material on the right of such section should at any point shear in the one 
direction more than in the other the material on the left, and consequently, except in 
the neighbourhood of the terminal sections, we may put all shears on transverse 
vertical sections zero. This must be absolutely true for the mid-section of a 
symmetrical dam, and amounts to the assumption that we consider any portion of the 
dam between two vertical transverse sections as supporting the fluid pressure and its 
own weight by the forces between the substratum and the dam itself: This is, in fact, 
the usual assumption made when in dealing with the dam we neglect the supporting 


* RANKINE, ‘ Miscellaneous Scientific Papers,’ p. 552. 
+ See the consideration of this point in the Appendix to this memoir. 
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forces at the terminals—the sort of arch or beam action of the dam as a whole—as 
compared with the actions of the substratum on the base of the dam. Even if the 
effect of these terminal actions be not neglected, yet, at some little distance from the 
terminal, the distribution of stress over two vertical transverse sections at small . 
distance from each other must be nearly the same, and their difference produce 
insensible effect on the shear across the horizontal sections. 

Now equations (i) to (iv.) seem to us far more reasonable than the usual dam 
conditions of equilibrium, which tacitly assume (i.) to (iii.) when they impose the 
condition of the line of resistance falling within the middle third, and then use a 
friction condition instead of a shear condition for (iv.). Thus M. Lévy writes ** 


“ Conditions de résistance dun mur de soutenement. 


“ Si un mur est soumis 4 l’action de son propre poids et & des forces horizontales ou 
inclinées il faut, comme pour les pieds-droits d'une votte, que la résultante de la 
pression exercée sur le pied du mur et généralement sur toute assise horizontale :— 


(1) Coupe cette assise dans son tiers moyen ; 


(2) Fasse avec la verticale un angle moindre que l’angle du frottement de la 
magonnerie sur elle-méme (on admet généralement que cet angle peut 
aller jusqu’a 30 degrés). 

“(3) Que la pression maxima par unité de surface ne dépasse pas une valeur 

donnée dépendant de la nature de la pierre employée.” 


(3) of course would be generally accepted, but the only way ot finding the 
maximum pressure is that indicated in the preamble “comme pour les pieds-droits 
d’une votite,” and tacitly assumed in (1) (see p. 552 of Livy's work),+ «e., the 
assumption involved in our equations (i.) to (ii1.) above. 

We now turn to the frictional condition involved in (2) above. RANKINE and 
some writers give even 36 degrees instead of Livy’s safer 30 degrees for the angle of 
friction, Now the difficulty of this frictional condition to our minds is, (1) that it 
leaves us in absolute doubt as to the actual distribution of shearing stress over any 
cross-section, and (2) that in actually constructed dams we have found the angle of 
friction certainly to exceed 30 degrees. Some measure of this shearing stress seems 
to us all important, for without it we cannot determine the tensile and compressive 
stresses across the vertical sections of the tail of the dam. We see no reason 


* ‘La Statique graphique,’ IV° Partie, “Ouvrages en Maconnerie,” p. 92. These conditions are applied 
to dams with battered face and curved flank (see §§ 601 and 603). Our appendix discusses a later 
algebraic treatment by LkEvy. 

+ M. Frammanr uses the same relation (see ‘Encyclopédie des Travaux Publics, “Stabilité des 
Constructions,” p. 82). He, however, admits that “ Lorsque les maconneries son bien faites, elles peuvent 
réellement supporter de petits efforts d’extension,” p. 83. 
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whatever why dams should be tested solely by taking horizontal cross-sections, 
and asserting that the line of resistance must lie in the horizontal middle third, 
and absolutely neglecting the stresses across the vertical sections of the tail. We 
consider that if the former condition is valid, then no dam ought to be passed unless 
it can be shown that there is no tension of any serious value across the vertical 
cross-sections of the tail. We believe that a great number of dams as now designed 
will be found to have very substantial tension in the tail, and this is in our opinion a 
source of weakness in dam construction which has not been properly considered and 
allowed for. 

In order to deal with the stresses in the vertical cross-sections of the dam, it is 
necessary to make some hypothesis as to the distribution of shearing stress over the 
base of the dam, as well as the distribution of pressures already assumed, openly or 
tacitly, by previous writers. 

Now (i.) to (ii1.) above would only be closely true if the dam were a thick wall with 
vertical front and flank ; but, under these circumstances, (iv.) would be equally true.* 
Hence there is no less and no greater assumption made when we extend (iv.) as 
well as (i.) to-(i.) to dams with battered faces and curved flanks. But, as we shall 
show in the sequel, the exact form of (iv.) is probably not of very great importance. If 
we assume the shear to be actually distributed uniformly over the base—an extreme 
and quite impossibly favourable case—we still find the tail of the dam to be in 
considerable tension. It is usual to thicken up the tail at its tip, probably on the 
view that the collapse of the dam might arise from the shearing off of the tip of the 
tail. But if dams have collapsed from tail failure, we shrewdly suspect that this 
has arisen first, not from the shearing, but from the tensional stresses in the tail. 
Anyhow, this strengthening of the tail extends such a little way in most dams of 
which we have examined the profiles (while the line of resistance may not enter the 
middle third of the vertical sections till we get to nearly the mid-vertical section of 
the dam) that it has sensibly no effect on the element of weakness which we are now 
endeavouring to indicate. 

(2.) If we take the general equations of elasticity in the notation adopted in 
TODHUNTER and Prarson’s ‘ History of Elasticity’; considering the axis of z as 
vertically downwards, the axis of x perpendicular to it in the plane of the profile, 
and y perpendicular to both along the length of the dam, then the shift v parallel 
to y is zero, and our body stress equations become, since no stress is a function of y, 
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* See Appendix. 
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where p is the density of the masonry, the second body-stress equation being 


identically satisfied. 
These give us 


a= NX — gp ) 
= dae 7? | 
a av ; 
a (vi.), 
oy wale SNE Mini 
: fo arcs 


V being at present an arbitrary function. 
If we suppose average isotropy of material, 


we = d(Se+ 8) + 2pse, 2 = (8, -+ 8) + 2s.) +1. (vil) 
Or 
= DAE Qu Si a ee 
gees wea + 2 = wat —% _ 4 dw 
N+ Dp Query Snude, 
But Z 
du lw Eee 
dz Sy cag ate 
therefore 
1 aes _ a (iv) (dw). 
p dadz ~ de \da da? \ dz 
Or 
208 _(@ 4 S42, (t_ #8, 
p dade \dz dx?) \+ 2p dz “a) 2p 


which gives us 


1 1a Deen Tepe 
( + 2u + a (nt rae da? dz m oe Mize » 


Or finally the simple equation for ‘Ve 


2 q2\2 
(7+ &) V0... ee eee 

(vi.) and (viii.) would be the general equations for the stresses in an “isotropic and 
homogeneous” dam; the arbitrary constants introduced into the solution must be 
found from the consideration that (a) the normal and shearing stresses on the 
horizontal top and curved flank are both zero, (b) the normal stress on the battered 
front is equal to the water pressure, and the shear is zero, and (c) either the stresses 


IN THE STABILITY OF MASONRY DAMS. 9 


or the shifts must be supposed given over the base. It will be found at once that (1.) to 
(ii1.) are not absolutely true even for a high vertical wall subject to fluid pressure on the 
front ; there are modifying terms, similar to those first introduced into the flexure 
problem by DE Saint VENANT for an isolated load,* and by Psarson for a continuous 
load,t but these terms are of secondary importance. The shear is fairly closely given 
by (iv.). If we assume either (i.) to (iii.) or (iv.) alone to hold, it will be found that 
the relations (iv.) or (i.) to (iil.) are not true at the sloping front and flank. In fact, 
if we assume (i.) to (iii.), it is quite easy to determine the shear from the general 
conditions of equilibrium. For constant batter of both front and flank, the distribution 
of shear is still a parabola, but its axis no longer passes through the centroid of the 
cross-section. We have not assumed this distribution of shear, because there is just 
as much want of exactness in taking the tensile stresses as given by (i.) to (iil) as 
in assuming the shear to be given by (iv.). It should not be at all an insuperable 
mathematical task to solve (vi.) and (viii) for some simple forms of dam, front and 
flank.{ If this were done, we should know much better the exact degree of 
approximation involved in the ordinary treatment of dams. The practical difficulty 
lies, as in all masonry structures, in the assumptions to be made as to the stresses on 
the base. 

(3.) As far as the present investigation is concerned, we are not enquiring into the 
validity of the usual treatment; it is obviously faulty. But we are trying to indicate 
that, supposing it to be correct, its present partial application—to horizontal cross- 
sections only—involves the serious, and, we believe, often dangerous neglect of large 
tensions across the vertical sections. 

To justify this statement, two model dams were prepared made of a fairly heavy 
wood, cut to a profile which we knew had been used in an actual case of construction. 
In the one case the dam was divided up into a series of horizontal strata, in the 
second case into a series of vertical strata. The first model dam appears to the 
right, the second to the left of our first plate. In the case of the dam stratified 
horizontally, the pull representing the water pressure was communicated by a cord to 
a stiff lath, which bore on the ends of the horizontal strata through two longitudinal 
strips of indiarubber tubing; the attachment of the cord was at one-third up the 
lath, and the cord was adjusted to be perpendicular to the battered front of the dam. 
In this way the resultant force was applied at the ‘centre of pressure,” and was 
distributed much in the manner of water pressure. The cord, being carried over a 
vertical pulley, terminated in a bucket into which shot could be gradually dropped ; 
this represented the resultant water pressure on the front. In the case of the dam 
stratified vertically, much the same arrangement was adopted, except that the pull of 


* ToDHUNTER and Pearson, ‘ History of Elasticity,’ vol. 2, pp. 53 et seq. 
T ‘Quarterly Journal of ye vol. 24, pp. 63-110. See also PEARSON and FILon, idid., vol. 31, 
PP. 66-109. 
{ See the Appendix for a criticism of such a solution by M. Livy, 
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the cord was now applied directly to the first vertical stratum, which included the 
battered front. 

The coefficient of friction of the wood strips on each other varied somewhat ; they 
had been left almost rough-sawn to increase its value. The angle of friction varied 
from stratum to stratum from about 25 degrees to 30 degrees; this is less than the 
30 degrees to 36 degrees usually given for masonry on masonry. We could bring 
this well up to the masonry value by simply scattering silver sand between the 
strata, but this was not found possible in the case of the vertically stratified dam. 
We attempted pasting sand paper on the faces of the vertical strata, but this made the 
frictional strength far too great, the angle being then as much as 50 degrees. We 
obtained a shearing strength more nearly corresponding to masonry by pasting tissue 
paper round the battered fronts and curved flanks of the dams. Taking the actual 
dam on which these are modelled, the resultant water pressure on a strip of the 
front a foot broad is 312,500 lbs., and the weight of the corresponding portion of the 
dam is 505,000 Ibs. The weights of the two model dams, although of the same 
dimensions, were not quite alike, the pieces of wood out of which they were cut being 
probably not of equal density. The horizontally stratified dam weighed 12°40 Ibs., and 
the vertically stratified dam 13°85 lbs. This gives for the “ water pressure ” pulls on 
the above basis 7:70 lbs. and 8°57 Ibs. respectively. Now we shall see in the sequel that, 
as far as theory goes, the line of resistance is within the middle third, but that the 
resultant force on the horizontal sections makes an angle of more than 30 degrees in 
some cases with the normal to the section. Hence we could not expect our model 
dams to reach the above water pressure values. As a matter of fact, trusting merely 
to the friction of wood on wood, the horizontally stratified one slid on its base at 
5°70 lbs. pressure, and the vertically stratified one opened up at third section from 
the tail, and then the whole thing sheared at only 3°00 Ibs. pressure. When the 
dams were strengthened for shearing resistance by tissue paper, as referred to above, 
the respective “water pressure” pulls before collapse were 6°50 Ibs. and 4°20 Ibs. 
The horizontal strata began to slide over each other at 6°50 lbs., and actual rupture 
of the paper took place at 8°25 lbs., not far from the 8°57 Ibs. which the dam ought 
to carry. Various other experiments were tried, but the main features were the 
same, the horizontally stratified dam either sheared at its base or just above the 
tail between the third and fourth strata; in either case the giving at one or other 
of these sections was the signal for an approaching general collapse, as illustrated in the 
lower part of our plate. The vertically stratified dam opened up by tension very close 
to the tail, and then sheared over. It had to be watched very closely to follow the 
sequence of events, as the collapse was far more immediate and sudden than in the 
case of the horizontally stratified dam.* The nature of the rupture could be better 
exhibited by pasting the last two or three blocks together by tissue paper, and then 


* In the representation of the collapsing vertical dam, the dam was actually caught by the hands in the 
act of collapse and held till the parts were pasted together for the purpose of photographing. 
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the dam invariably opened up by tension at the next section, and showed this 
opening up ina marked manner. 

The general results of these experiments were conclusive and obvious. They are as 
follows :— 


(a.) The current idea that the critical sections of a dam are the horizontal sections 
is entirely erroneous. A dam collapses first by the tension on the vertical sections of 
the tail. | 

(b.) The shearing of the vertical sections over each other follows immediately on 
this opening up by tension. 

(c.) It is probable that the shear on the horizontal sections is also a far more 
important matter than is usually supposed. 


It follows from this that getting the line of resistance into the middle third of 
the horizontal sections, upon which all energy seems at present to be concentrated, is 
by no means the hardest and stiffest part of dam design. We should be much 
surprised if, with all the labour spent on this point, the bulk of existing dam 
constructions are not for masonry under very considerable tension, 7.e., a tension 
across the vertical sections, which has been hitherto disregarded. 

We propose therefore to lay it down as a rule for the construction of future dams 
that the stability of the dam from the standpoint of the vertical sections must be 
considered in the first place. Tf this be satisfactory, we believe that the horizontal 
sections will be found to be stable, but of course the latter must be independently 
investigated. 

(4.) We shall illustrate this by the combined graphical and analytical treatment of 
the dam from which our model was taken. 

Starting with the portion of the dam between two transverse sections a foot apart, 
the dimensions are as in the accompanying figure, the height being 100 feet, and the 
water on the front extending to the top. The weight of a cubic foot of the masonry 
is taken to be 2°25 times that of a cubic foot of water. We neglected the dotted 
portion of the tail, although it might have been better to include it, but it can make 
no sensible difference to the main results ; one of its chief influences will be to cause 
the distribution of shear over the base to be really more like the value assumed in 
(iv.) than it would otherwise be. 

Turning to the algebraical treatment of the matter, let us assume what is 
exceedingly nearly the truth for a considerable distance from the tail, 7.e., that the 
flank is given by a straight line. Let the total vertical force on the basal horizontal 
section be Q,, and the total horizontal force on the section be Po, and let them act at 
a definite load-point determined by the intersection of the line of resistance for full 
reservoir with the basal section. The pressures on the base are given by a straight 
line cutting the base, by (i.), at a distance d from the centroid = 46?/c, where 26 is 
the length of the base, and ¢ is the distance of the load-point from the centroid, The 

B 2 
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Fig. I. Section with Dimensions of an actual Dam. 


equation to the line giving the distribution of pressures over the base is then, if y be 
the vertical height-giving pressure and the origin the centroid, 


y= 21-3). 2 ca: Sess eels enue ace 


If Q, and P, be measured as cubic feet of masonry, this will give the tension y as 
a height of masonry. 


If we transfer the origin to the tip of the tail, the equation is 


y= ot g ti I ~ so Ae, Ce oe (se 


The equation to the flank of the dam, so far as it is linear, may be taken as 


ga meine) . oS eee 


Now, if we subtract these two lines from each other, we shall have their difference 


represented by the line 
a Q (4 + b) = ( 9 
yo AED oon pa) 


, (xi) 


or the area inclosed between this line and the base represents the total upward force 
in cubic feet of masonry on any length x of the tail measured from the base. 


z 
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Thus the total upward force F; on the length « of tail is 


tibia hy bd eb) ae) a? Q 
tater tere D (m + 20) 


(xiii.). 


Its vertical line of action is given by 


2Q (a + b) — gx (2bdm + Qo) 


eo == xe EO Ser eer ey (219: )- 


Q, (d + b) — $a (2bdm +Q,)' 


Next let us turn to the distribution of shear. This is regulated by (iv.). 
Therefore, in our case, 


29d be 
P, /2ba — x 
= 83 a) (xv.) 


9, “ 
pa ee ee a a Oe (ev). 


We have now the total “external” forces on the portion of tail on the base- 


length «. 

These must be kept in equilibrium by the resultant of the stresses over the vertical 
section of the dam at distance x from the tail. Hence we find : 

Total shearing stress on vertical section at distance x 


Qu (d+ b)e— = (2ddm + Qo) 
se dle” a2 lena 


(xvii. ). 


Total thrust on vertical section at distance x 


Sa PB ao ag hres bs os (VM). 
Further, the point at which the resultant of F, and F, cuts the vertical section of 
the dam at x from the tail is given by 
y/(x —a) = F/B, 
or the load-point of the x-section is determined by 


—_ PF QW tH) —Fe(dm4+Q) | 
Y = sap, or, ee el a5 4g 8 
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But this relation between y and = is clearly the equation to the line of resistance of 
the vertical sections as long as the flank is given by a straight line. The line of 
resistance is accordingly a hyperbola. The vertical asymptote is 


oo 8b, ot ee, ee 
and the horizontal asymptote 
__ 2bdim + Qo BD? _ 2bdm + Q) i 
Pol dal P, Bor. Oe ee” a ee ee 


The curve will be above or below its asymptote at the start on the axis of y, 


according as 
Qo (a + + b) B® Sires 2bdm + Qo b? 
P,b 3d Pi 3d 


or, as 


Q, > or < 2b?m. 


We must now consider the stresses on the vertical sections. 

First.—The maximum shearing stress is certainly greater than, and probably not 
very different from, 1°5 into, the mean shearing stress, or = }F,/¢, if ¢ be the height of 
a section. But €= mw, hence 


Qy(d+b)— sa (2bdm+Qo) - 


2Qbdm (xxi), 


Maximum shear on vertical section at distance x= 3 *° 
This is a straight line, such that Tb (Plate IIL), the shear at the tail, is 
8 Q, (d+ b)/2bdm in height of masonry. Of course, this shows the necessity for 

aeons the tip of the tail, as is actually done in the dam under consideration. 
Secondly.—The maximum tensile stress is given by 


F, , $¢M 
cra dare 


1p (-14 EG) BE) 


Hence substituting for F,, for y and ma for ¢ we have, 


her ae 


Tmax, 00 vertical section at distance x from tail 


=i {Q (1-40) — fe (bdm + Q)} — oP () = $2) _ (xziii.). 


This is clearly a parabola with vertical axis. 
If T, be the value of the maximum tensile stress at the tail, 


a : 
ihe sae 9 od oy res © Oa 
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Further, if 2) mark the distance from the tail at which the line (xii.) cuts the base, 
and yy the height of this line at the tail, 


— (a+b) 
“0 = 2bdm-+ Qy a 
and 
o(d+b ; . 
A Soleo) ey ume re See toe (RVI, 
we have, ) 
sae | Lig Boe = ( —35)} - 
Toa m2 1 3 Ly E b i 3 i) ee eee rts, a ts (xxvii.), 
where 
a alg are Cure tee eee tt, (OKV IIL ), 
or j , 
Eh A i alin: a la —45)t oe ae fone ix.) 
be bi; \ 3 2, € b (1 3 >) (xxix ) 
The vertex of this parabola is at 
tw, 
eed -- ee BN ee ee (=x); 
and the value T, of Tax, at this point is 
re an US Oa b* : 
Lite {1 a (3e + 7) } CNL Pep) ee bee 19% 


Thus the values of the ordinates of this parabola at «= 0 and at the vertex 
being known, it can be easily drawn. 

The construction of the line of maximum shearing stress and the parabola of 
maximum tensile stress for the vertical sections of the dam is by far the easiest 
procedure, so long as the flank is linear. After the flank ceases to be linear about 
the point B of Plate II]., we must fall back upon the purely graphical processes, to be 
now described. 

(5.) We proceed to indicate the graphical stages leading up to the constants 
required in the above investigation. The section of the dam was first divided 
horizontally into 10 blocks of equal height, and the central line of the dam and the 
middle thirds put in. The centroids of each of these trapezia were then determined, 
and the centroid verticals put in. This is all done on the extreme right of Plate II. 
The weights of each of these masonry trapezia—depth 10 feet—were then plotted _ 
down the vertical 0... 10, and with pole O the link polygon on the lower right- 
hand corner of Plate II. obtained. 

The intersections of the successive links with the first link to the right of this link 
polygon give by vertical lines the lines of action of the weights of all the masonry 
above the horizontals 1, 2,3... 10 respectively. Producing these lines to meet the 
corresponding horizontals, we obtain the line of resistance of the reservoir when 
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empty, and see that, as far as the condition of falling within the middle third is 
concerned, the empty reservoir is stable. Next, the centres of pressure for all the 
water down to the horizontals 1, 2,3... 10 respectively were determined, and the 
values of the water pressures—total area X pressure at centroid-—were determined 
and are marked as W,, W,... Wj, These water pressures are plotted in lines 
perpendicular to the front of the dam, through the points 1, 2, 3... 10 of the 
vector polygon already referred to, and the resultant force on each horizontal section 
is thus determined. The lines of action of each water pressure on the front of the 
dam are then produced to meet the corresponding weight verticals, and through the 
points thus determined lines are drawn parallel to the corresponding resultant 
forces until they meet the corresponding horizontals. The points so obtained, when 
joined up, give the line of resistance for the dam when the reservoir is full. We see 
again that this line lies in the middle third, or the dam satisfies this current condition 
of stability. All this work is perfectly familiar, and is part of the usual graphical 
treatment. The resultant water pressure and the resultant weight, if combined 
and resolved horizontally and vertically, give the total shear on the base, and the 
total thrust; these are found to be 312,000 lbs. and 523,000 lbs., the resultant 
water pressure being 312,500 lbs., and the total weight of the dam 505,000 lbs. 
In cubic feet of masonry we have them as: 


P, = 2228°6 cubic feet and Q, = 3735°7 cubic feet. 


Next, the total shear and total thrust on each individual horizontal section was 
taken by resolving horizontally and vertically each corresponding resultant force. 
The maximum shear on any horizontal section was then taken as 2 the mean shear 
over its area. These maximum shearing stresses are plotted to the right of Plate IIL, 
the maximum shearing stress being on the base and less than 3 tons per square foot. 
A knowledge of the load-point of each horizontal section (given by the intersection of 
the section with the line of resistance) and of the thrust will enable us to find from 
(ii.) the maximum compressive stress. These stresses are plotted also on the right 
of Plate III. for each horizontal section. The maximum compressive stress is at the 
base, and is only a little over 5 tons per square foot. 

Lastly, if we consider the usual frictional test with an angle of friction of 30 degrees, 
the resultant on any horizontal cross-section ought not to make an angle of less than 
60 degrees with the cross-section. The last four sections will be found to make angles 
slightly less than 60 degrees, and therefore, if 30 degrees be taken as the limit, the 
material would be holding together by the shearing strength, which is probably ample. 

'Thus the whole dam, if treated by the usual processes, would be declared satisfactory 
and stable. Indeed, it is far more so than a good many profiles we have come across ; 
it is considerably more stable than RaNKINE'’S standard section. We now pass, 
however, to consider the thus far neglected vertical sections. 

In the left-hand bottom corner of Plate II. the parabola of shear on the base (xv.) is 


——— Cl OOOO —— 
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drawn; this is integrated by the usual graphical process and the sum curve of shear. 
found, giving the total shear up to any vertical cross-section. This is the graphical 
equivalent of (xvi.). Next, the curve of pressures on the base, deduced from (1.) and 
(ii.), with its neutral axis is drawn. This is done on the upper left-hand diagram of 
Plate II. If this curve be plotted in height of masonry, the area between it and the 
flank of the dam will represent the total upward force on the tail of the dam up to any 
section. After the “ Curve of Pressures on Base” and the flank of the dam cross, the 
forces will begin to be downwards. This area was divided up vertically into strips, and 
the area of these strips plotted first down, and, when they became negative, up, a vector 
line. This is the left-hand vector figure 0, 1, 2,3... 24 of the middle of Plate IT. 
A pole O’ being taken, a link figure was drawn for the weights 1 to 19. To keep the 
figure clear, a second pole O” was taken and a separate link figure for the negative 
areas 19 to 24. This appears somewhat above the first link figure. The construction 
gave, by the intersection of the successive links with the horizontal, the position of 
the resultant upward forces on the dam up to any vertical section at distance x from 
the tail, 7.e., we obtained the a values of (xiv.). The total vertical force was given 
by the corresponding length on the vector figure. The total corresponding shears 
taken from the sum curve of the shear parabola* were plotted horizontally as 01, 02, 
and, being combined with the total upward forces, gave in magnitude and direction 
the resultant force on a vertical section. Parallels to these resultant forces, through 
the points where the corresponding resultant upward forces met the base of the dam, 
determined by their intersections with the corresponding vertical sections the load- 
points, and so the line of resistance VWZ. ‘This process is indicated for the 14th 
force, giving the point W on the drawing. It was found that this process was not 
capable of being applied with very great accuracy in the «immediate neighbourhood of 
the tail of the dam ; hence as long as the flank of the dam was linear the hyperbola 
given by (xix.) was constructed, and this was found to run into the graphically- 
determined system of load-points quite closely before the end of the linear flank 
was reached. 

The line of resistance VWZ being known, and the vector figure (left-hand vector 
polygon on the upper middle part of Plate II.) giving by resolution the horizontal or 
total thrust and the vertical or total shearing components on the vertical sections, it 
became easy to determine the maximum shearing and maximum tensile stresses on 
the vertical sections. Reduced from cubic feet of masonry to tons per square foot, 
these stresses are plotted in the ‘‘ Curve of Maximum Shearing Stresses” and ‘‘ Curve 
of Maximum Tensile Stresses (I)” of Plate III. Tw is the base of these curves, and we 
see that the straight line and parabola of the linear part of the flank run into the 
graphical determinations. The effect of the curved flank after B is to throw the 
curve of maximum shear below the straight line (dotted) after B and the curve of 

* The ordinates of the sum curve of shear give total shears to half scale of upward forces, and therefore 
needed doubling before plotting horizontally. 
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maximum tensile stress below the parabola (dotted) after B; m other words, it 
reduces somewhat the dangerous stresses. 
Now these curves give most important results. We see :— 


(i.) That the line of resistance for the vertical sections lies outside the middle third 
bounded by AJ’Y right away up to the point M, or the vertical section MI. In other 
words, rather more than half the vertical sections are subjected to tension. 

(ii.) That the tensile stresses in the tail are for masonry very serious, amounting to 
nearly 10 tons per square foot at the extreme tip, and to 6 tons per square foot after 
we have passed the vertical section, where the strengthening of the tail has ceased. 

(iii.) That the maximum shearing stresses amount to 6 tons per square foot at the 
tip of the tail and 5 tons per square foot after we have passed the vertical section, 
where the strengthening of the tail has ceased. We lay no stress on the actual 
values of these “‘maximum” shears on the vertical sections, as they are obtained from 
the mean shears by using the round multiplier 1°. This round number is assumed 
because the maximum is certainly greater than the mean shear. The actual 
distribution of shear on the vertical sections has not been discussed. It could ot 
course be found from that on the horizontal sections, if the latter were really known 
with sufficient accuracy, by the equality of the shears in two planes at right angles. 
We content ourselves, however, by showing that the mean shears on the vertical 
sections appear to be higher than those on the horizontal sections, and thus indicate 
that the parabolic distribution, applied to sections some way above the base, probably 
under-estimates the maximum shearing stresses in the dam. 


In other words : Whether we judge by the line of resistance lying outside the middle 
third, or by the existence of serious tensile stresses, or by the magnitude of the mean 
shearing stresses, the vertical sections are critical for the stability in a far higher 
degree than the horizontal sections. ; 

In a well-designed dam, all the conditions for stability of the horizontal sections 
may have been satisfied, yet if the very same conditions be applied to the vertical 
sections not one of them will be found to be satisfied. It seems accordingly very 
unsatisfactory that the current tests for stability should, if they are legitimate, be 
applied to the horizontal instead of to the far more critical vertical sections. In the 
case of the latter they fail completely ; and if high tension and shear are to be allowed 
in the vertical sections, then it is absurd to exclude them in the case of the horizontal 
sections. We maintain that the current treatment of dams is fallacious, for it screens 
entirely the real source of weakness, namely, in the first place the tension, and in the 
second place the substantial shear in the vertical sections, and this at distances from 
the tail far beyond the usual tail strengthening range. 

Nor do these theoretical results stand unverified by experiment ; they are 
absolutely in accord with our experience on the model dams. These dams collapsed 
precisely as we might expect from the above investigation, 7.¢., the dam with vertical 
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sections gave long before the dam with horizontal sections. The former collapsed by 
opening up of the joints by tension towards the tail, followed almost immediately by 
a shear of the whole structure. In the case of the horizontally stratified dam, the 
collapse, which occurred much later, was by shear of the base, followed almost 
simultaneously by a shear of one or more of the horizontal sections. 

(6.) We place here the actual numerical constants for the dam under investigation. 


P, = total shear on base = 312,000 Ibs, = 2228°6 cubic ft. of masonry. 
9 = total thrust on base = 523,000 lbs. = 3735°7 cubic ft. of masonry. 
b = 3 breadth of base = 36°68 ft. 
d = distance of neutral axis of base from centroid = 62°24 ft. 
¢ = distance of load point of base from centroid = 7°21 ft. 
m = slope of linear portion of flank to base = 5/4. 
2bdm + Q, = 9443°1 cubic ft. of masonry. 
Yo = 80°98, wv = 39°18, these give the line of equivalent masonry for 
upward forces on tail, See (xii), (xxv.), and (xxvi.). 
e= 938. See (xxviil.). 


We are now able to construct our curves. 
The equation to the hyperbolic line of resistance (xix.) is 


y (1 — :00909x) = 32°59 — 30°55 x 009092, 


the units being feet. 

Accordingly, the line of resistance at the tip of the tail is 32°59 feet above the base 
of the dam, and its asymptote falls below it at 30°55 feet above the base. The 
hyperbola is a very flat curve, and in fact does not deviate very widely from a 
horizontal line through the centre of pressure. The equation to the line of maximum 
shear (xxii.) is 

Maximum shear = 97°116 — 1°2409x 


in height of masonry, the units being feet. This height must be multiplied by 140 lbs. 
or 31; ton to obtain lbs. per square foot of stress. Lastly, we have for the parabola of 


maximum tensile stress (xx1x.) : 


Distance of vertical axis from tail = 93°35 ft. 
Tension T, at tip of tail = 155°39 ft. or 9°71 tons. 
Tension T, at vertex = — 38°85 ft. or — 2°43 tons. 


These data suffice to construct the parabola. 

(7.) We now turn finally to another point. In how far does the distribution (iv.) 
assumed tor the shear on the basis affect the main features of the result? We have 
already indicated that the distribution of the stresses corresponding to a neutral axis 
and load-point gives a parabolic distribution of shear, but one that differs from (iv.), 

C2 
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the shear not absolutely vanishing at the terminals. But this distribution of normal 
stresses is no more true than the distribution of shearing stresses, and there is no 
more reason for assuming the one to be absolutely true and correcting the other than 
vice versd. Both need corrective terms like those applied by De Saint VENANT in 
the flexure of cantilevers. Until a number of solutions have been found for (vi.) to (vii.) 
we cannot say how far our normal stress distribution, or how far our shearing stress 
distribution is in error. But we may quite safely assert that (iv.) must be far closer to 
the actual truth than, for example, the assumption that the shearing distribution is 
uniform over the base. A little consideration shows at once that the parabolic distri- 
bution must far more nearly represent the physics of the case. It seemed worth while, 
however, to take the extreme case of uniform shear over the base and see how far 
this would modify the conclusions reached on an assumption which may be justly said 
to give the “true” shear as compared with this extreme case. Let us consider the 
analysis of this case for the portion of the flank which is linear. 
Equations (ix.) to (xiv.) still remain true. Equation (xv.) is replaced by 


oy ey ee 
sh i aa So. Say. 
This leads to the expression 
WY, = Sot one el oo er 


for the total thrust ona vertical section at #. For the total shear on a vertical section 
at a, (xvii.) remains in force and the curve of maximum shear of (xxii), or as drawn in 
Plate III. is unchanged. Hence this new hypothesis does not alter the large shearing 
stresses on the vertical sections already noticed. Instead of (xix.) we have, however, 


y («@— To pss Re ces 
after some reductions this leads to 


y= = (2 -- +e) i 
Thus we see that the line of resistance is a parabola passing through the tip of the 
tail, and having its vertex at a distance $2, from the tip, with a height (qQ of Plate IIL.) 
3mxy/e. 

For the actual dam these are 58°695 feet and 39°11 feet. We see that the line of 
resistance lies outside the middle third for more than half the dam. The dotted 
curve NZ gives the line of resistance determined graphically after it leaves the 
parabola, 7.e., when the flank becomes curved. The deviation is not very great, and 
we see that, as before, about half the dam has to carry tension across its vertical 
sections. We now take the maximum tensile stress across the vertical sections; we 
have, as before, 
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Or, using the notation of (xxv.) to (xxviii.), we find, after some reductions, 


WEES Ty 11 — ie — a eee tec AR XRIV, |: 
wo 

This is a straight line. It may be drawn by noticing that it gives a tension 
of T, (1 — $e) at the tip of the tail, and that the tension vanishes, 7.c., the line of 
resistance for a straight flank would come into the middle third, at « = (3 — 2e) a. 
For the particular dam under consideration these values are 3°64 tons and 43°98 feet. 
This line of tensile stresses is drawn on Plate IIL. and is completed as a curve JL by 
graphical calculations after the flank ceases to be linear at J. It will be seen that 
even in this case there would be a tension of between 3 and 4 tons at the tip of the 
tail and of 2 to 3 tons after we have passed the portion, about 11 feet, for which the 
tail is thickened up. 

_ Now we have here taken a distribution which must be far further from the actual 
distribution of shear than the first hypothesis. Yet we still find :— 


(i.) That the line of resistance falls well outside the middle third for about half 
the dam. 

(ii.) That there exist considerable tensions, 3 to 4 tons per square foot, in the 
masonry. 

(ui.) That the average shearing stresses on the vertical sections are greater than on 
the horizontal sections. As a result of this extreme case we think we may safely say 
that the real distribution of shear over the base, whatever it may be, must lead us to 
a line of resistance lying well outside the middle third, and to tensions amounting to 
something between 5 and 10 tons per square foot. 


(8.) General Conclusions. 


(1.) The current theory of the stability of dams is both theoretically and experi- 
mentally erroneous, because :— 


(a.) Theory shows that the vertical and not the horizontal sections are the 
critical sections. 

(b.) Experiment shows that a dam first gives by tension of the vertical sections 
near the tail. 


(2.) An accepted form of profile is shown to be stable as far as the horizontal 
sections are concerned, but unstable by applying the same conditions of stability to 
the vertical sections. 

(3.) The distribution of shear over the basis must be more nearly parabolic than 
uniform, but as no reversal of our statements follows when we pass from the former 
to the latter extreme hypothesis, it is not unreasonable to assume the former dis- 
tribution will describe fairly closely the facts until we have greater knowledge. 
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(4.) In future we hold that in the first place masonry dams must be investigated 
for the stability of their vertical sections. If this be done we feel pretty certain that 
most existing dams will be found to fail, if we accept the criteria of stability usually 
adopted for their horizontal sections. This failure can be met in two ways :— 


(a.) By a modification of the customary profile. We think it probable that 
a profile like that of the Vyrnwy dam would give better results than more 
usual forms. 

(b.) By a frank acceptance that masonry, if carefully built, may be trusted to 
stand a definite amount of tensile stress. It is perfectly idle to assert 
that it is absolutely necessary that the line of resistance shall lie in the 
middle third for a horizontal treatment, when it lies well outside the 
middle third for at least half the dam for a vertical treatment. 


We hope to return later to the question of the best dam profile based on:a 
consideration of the stability of the vertical sections. Meanwhile, without being 
unduly alarmist, we should like to draw the attention of practical engineers to the 
point that the masonry dams they have designed to be, according to a defective 
theory, free from tensile stress are probably subjected not only to tensile, but to 
shearing stresses far exceeding anything they have in the least imagined. We may 
even speculate whether this truth may not be to some extent the source of weakness 
or even of collapse in certain dams which have existed in the past. 
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APPENDIX. 


On M. Livy's Solutions of the Dam Problem. 


When the above graphical treatment of the dam problem was being developed, we were unaware that 
M. Maurice Lrtvy had published anything further on the subject than appears in his ‘La Statique 
graphique,’ cited on p. 6. In consulting, however, the ‘ Annales des ponts et chaussées’ for 1903, upon 
another matter, we came across a technical paper developing an analytical solution due to M. Levy. 
Looking up the references provided we found the following papers by M. Livy :— 

(a.) “ Quelques considérations sur la construction des grands barrages,” ‘Comptes rendus de l’Académie 
des Sciences,’ tome 121, pp. 288-300, Paris, 1895. 

This memoir assumes the normal stress on a horizontal section to be linear, and deduces the result that 
the shear on the horizontal sections will follow a parabolic distribution not vanishing at the front and 
flank. This is the result re-discovered by us and cited on p. 9. There is, however, a point to be 
regarded here. Suppose the dam to be on a horizontal substratum. Then the distribution of shear on 
this substratum is really the most important question in the shearing stress. On the substratum just 
outside the flank and just outside the front the shear is undoubtedly zero. Hence, unless we suppose 
discontinuity at flank and front, the shear cannot rise suddenly to a finite value. In most cases the flank 
rises perpendicularly to the substratum for some feet, and quite possibly this may occur at the front if the 
contour starts with a step. If this be so, the parabola of shear must vanish at both flank and front, and 
take the form indicated in our equation (iv.). We have already stated that we find no more grounds for 
adopting a linear distribution of normal stress than a central parabolic distribution of shear ; both are 
actually modified by quite unknown corrective terms. Hence we have retained our central parabolic 
distribution of shear, fully realising that at flank and front it must to some extent be modified, as we also 
believe the linear distribution of normal stresses certainly will be. 

(b.) Note de M. Maurice Livy: “Sur la légitimité de la régle dite du trapeze dans l'étude de la 
résistance des barrages en maconnerie,” ‘Comptes Rendus,’ tome 126, pp. 1235-1240, Paris, 1898. 

In this memoir LEvy mentions the “ catastrophe de Bouzey,” and insists on the importance of further 
consideration of the stresses in dams. He gives what he apparently considers a close approximation in 
the case of a dam of rectangular cross-section with water to the top. Thus, if the dam be of thickness + 
and the origin be where the top meets the front, he finds for solutions of our equations (y.), p. 7, the 
unit being 1 ton of water per square metre and y the specific gravity of the masonry : 


This fulfils perfectly the conditions at front and flank. At the top where z=0, we have not 2¢=0, but 


2-2(-2{5-4(-9} 


This forms a system of shearing stresses in equilibrium which vanishes at four points and has maxima 
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of —7/100 and —7/80, so that Livy assumes that the unbalanced stresses on the top are negligible. 
Livy appears to consider that with this exception he has obtained an exact solution of the dam problem, 
but this is very far from the case. Our criticism applies not only to this but to later solutions of LEVY. 
It is of the following nature. The full solution of an elastic problem in uniplanar stress must involve the 
discovery of the body stresses due to the superficial loading when the latter is given at every point of the 
closed contour. Now Livy has found a solution which involves a certain loading on a portion of the 
contour, namely, the base of the dam, which distribution he has not examined or justified in any manner. 
If this distribution be not the actual distribution—and he gives no evidence that it is—his solution falls 
entirely to the ground. Consider any block of elastic material, say the shape of the dam in our figure on 
p. 12, and suppose any system of stresses applied to the base only (for example, an upward pressure of 
2 p Ibs. per foot run on the middle third and a downward pull of p lbs. on the outer thirds), which 
forms an equilibrated system, then the elastic block will be in equilibrium under this system with no other 
body or surface forces acting. Accordingly we may add to Litvy’s solution any other one arising from 
any such equilibrated system of stresses on the base. Now, were we dealing with a rod, of which the 
linear dimensions of the cross-section were small as compared to the length, any such equilibrated system 
of stresses on a terminal cross-section would produce small effect on the rod at a little distance from the 
terminal. But in the case of a dam of which the dimensions of the base are of the same order as the 
height, the internal stresses produced by an equilibrated system of forces applied to the base may be of a 
very pronounced character, especially at the tail of the dam, which is relatively near to the base. Thus 
we may add to Litvy’s solution of the rectangular dam the internal stresses produced by any system of 
equilibrated stresses over the base of the dam, and the resulting solution will be equally valid, or equally 
invalid, with his; at any rate, this statement will be true until we have some experimental or theoretical 
supposition to make with regard to the nature of the stresses (or the shifts?) of the substratum under the 
dam, Livy’s solution would be an approximate solution for a “high wall,” because in such a case the 
equilibrated system at the base would be of small importance at some distance from it. It is not a 
justifiable solution at all in the case of dams of very sensible base dimensions. He has, in fact, assumed 
the shearing stress and pressural stress over the base to be given by certain biquadratic forms. There 
does not appear to be any further justification for this than the desire to get a complete solution of some 
kind. There would clearly be a solution if we supposed the shearing stress and the pressural stress to be 
respectively parabolic and linear over the base and at the same time in equilibrium with the applied 
forces. 4 priori such forms are as legitimate as LEvy’s biquadratic distributions, only the corresponding 
expressions for the internal stresses are not easy to find analytically as in Livy’s arbitrary case. We 
have here really an instance of the difficulty we have already referred to on pp. 1 and 9 of this memoir, 
which renders the application of the mathematical theory so difficult—we cannot predict the nature of the 
reactional stresses over the large areas of support in the case of masonry; this is a difficulty which is 
immensely intensified as we pass from arch to dam. We can only hope for a series of solutions of 
equations (vi.) and (vii.), so that we may judge how the stresses change with different hypotheses as to the 
base distribution of pressure. In this sense M. Livy's solution is of value because it is suggestive, but 
how far it fails from being general is shown by our experimental dam, which opened by tension. Hence 
there may be a real element of danger in a solution which asserts no tension to exist in the structure. 

La regle du trapdze, to which Livy refers in the title to his second paper, is one apparently familiar to 
French engineers, which, besides making the tensions on the horizontal sections linear, supposes the shears 
also to be linear, Assuming his solution given above to be the true solution, Livy shows that the 
maximum value of the stress obtained from it is less, and the minimum value greater than that given by 
the trapezium rule. Hence he argues that that rule errs on the side of safety. The error of this 
conclusion seems to us to lie in the assumption that the above is the ¢rwe solution. 

(c.) “Sur Véquilibre elastique d’un barrage en magonnerie 4 section triangulaire,” ‘ Comptes Rendus,’ 
vol. 127, pp. 10-15, Paris, 1898. 

Suppose the water to reach the apex of the dam and the front to make an angle a, the flank an angle 
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with the vertical, then Lrvy gives solutions satisfying the front and flank conditions (but these only) 
when @ is zero and again when « has any value. For the first case the stresses are : 


za = — x cot? B, 
ee, 
CE = 5 = 2) 


In the second case the stresses are still linear in « and 2, but complicated functions of « and £. Livy 
speaks of these as exact solutions and supposes them, being linear, to justify the trapezium rule. Clearly 
no part of the dam will be in tension. But the real facts of the case seem to us to be that Livy has got 
his solution by supposing the stresses on the base to be linear, and such hypothesis has “ priori no greater 
justification than one which assumes them to be quadratic or biquadratic. L&vy’s solution allows of no 
tension in such a triangular-sectioned dam. Our model dam, which is not very far from triangular in 
form, does show such tension ; in fact, a little consideration of such a simple case as that of y = 0 shows 
that a, being always negative, depends entirely on the arbitrary assumption made that the reactional 
stresses on the base are linear. Thus it will be seen that Livy’s solution for the dam of triangular cross- 
section is no more “exact,” as far as actual dams are concerned, than his previous solution for the 
rectangular section. Under the circumstances, we did not consider it needful to modify our hypotheses or 
graphical constructions. 

If it be asked: Why is our parabolic distribution of shear on the base any more justifiable than the 
linear ? the answer must be threefold. 

(i.) We have not confined our attention to a parabolic distribution, but considered also a linear uniform 
distribution as another extreme. 

(ii.) Both lead to a sensible tension in the tail, which would fail if the solution of Livy were correct, 
but such tension is confirmed by experiment. 

(iii.) If the dam be built, as most dams are, so that the tip of the tail is vertical (see Fig. I.), then the 
linear solution of Livy, if applied to the base, would give a maximum shear on the base at the flank, 
whereas actually this shear must be zero, Indeed, the dam near the base is now like a vertical wall with 
pressure on one side, and therefore the distribution of shear will now approach nearer to that given by 
Livy for the dam of rectangular cross-section, 7.¢., be more nearly parabolic in form. 

Now suppose we assume the normal stresses on the horizontal sections to be linear, in the manner 
defined by (i.) to (iii.), then we readily deduce : 

(a.) For the dam of triangular section, vertical front 


Gime (y — cot? B) z — (2 cot? B — y cot B) x. 


This agrees absolutely with Lrvy’s solution. 
(b.) For the dam of rectangular section : 


This agrees with the first two terms of Lrvy’s solution. 


The ratio of Litvy’s additional third term to our second term above is the ratio of 5 to 2 ( = - ) -— 2 
but both vanish when z = 37 or at the middle of the horizontal sections. At quarter sections the ratio 
of the terms is 100 to 17°5 x 72/22, and at flank and front 100 to 20 x 7?/z?, Thus, if the rectangular 
section had the height double of its breadth, Ltvy’s term would introduce on the base of the dam 
something under a 5-per cent. modification of the normal stresses as deduced from (i.) to (iii.). This is 
certainly well within the limits of alteration due to any equilibrated system of stresses applied to the 
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base. The more the dam diverges from the rectangle and approaches the triangle, the more closely (i.) to 
(iii.) would apply, supposing Livy’s solution were not a special, but the true solution. We conclude 
accordingly that for any form of dam section lying roughly between rectangle and triangle, we may apply 
(i.) to (iii.) or the theory of load-point and neutral axis to obtain the normal stresses on the horizontal 
sections near the base; and this will be approximately true for all horizontal sections, if the upper part of 
the dam be fairly triangular in shape. The divergence from this distribution will depend on the actual 
stress distribution over the base, which must be considerably influenced by the elasticity of the substratum 
and the manner in which the dam is gradually built up from this substratum. Roughly, we might say 
that the deviation will probably be less than 5 per cent. of the hypothetical values. This forms (as far as 
anything is yet possible on the basis of elastic theory) the justification of (i.) to (ii1.). . 
We now turn to the question of shear. This is to be found from the fundamental equation in (V.), @.f-5 


— dez 
w= eel 1 
‘ \(v és iy = 
This gives us :— 


(a.) For the triangular-sectioned dam, remembering that the shear vanishes at the front, 


we = — 2 cot? Bp. 
This agrees absolutely with Livy’s solution, 


(b.) For the rectangular-shaped dam, remembering that the shear vanishes at the front (and at the 
flank), 


Levy has the additional term 


The maximum value = 207?/(32”) to 100, and occurs at the front and flank; for a dam double as high 
as broad it is 1°7 per cent. At quarter sections the ratio is 1-257?/(32?) to 100, and at mid-section 
572/(322) to 100 ; or for the same dimensions, well under 1 per cent. Thus the maximum deviation occurs 
at the terminals of the section just where the shear is zero. We may conclude, therefore, that for a dam 
of rectangular section the symmetrical parabolic distribution of shear over the base is as close a distribution 
as we can find in our ignorance of the nature of the real reactionary stresses of the substratum. It might 
seem accordingly desirable to treat the triangular-sectioned dam by a linear shear distribution across the 
base, and the rectangular-sectioned by a parabolic distribution. Actual dams are, however, neither of 
these shapes. Even if a triangular-shaped dam were constructed, the tail would be certain in practice to 
be truncated, and the base shear, supposing no batter of the front, would then vanish at both front and 
flank. It could not possibly, therefore, be given by a straight line. The following construction may then 
be used for the case of the usual dam with truncated tail :— 

Turning to the second equation of (v.), p. 7, we have 


we = — \; (7 + im dé, 
0 dz 


€ being measured from the truncated tail, so that 6 = 62, 
Hence 


. 


si d é ae <5 
SMe F | (yz +22) 8€. 
z No 
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Now take two sections of the dam at distance « apart, one the base section and one a small distance 


from it, and let the normal stresses on these at distance € from the tail be zz and 22a, and be given by 


-_— és oo 
224 = My & — Cy 22g = ME — Co, 
we find 
a 2 M1—Mo wo, —Co« 
tam ~~ MM go, A= g 


Qe € 


Thus the distribution of shear on the base is undoubtedly parabolic if the normal pressures are taken to 
be linear, unless 7 =, which is actually the case in LEVy’s triangle solution. 

If the front of the dam be only very slightly battered, or takes a vertical step before the batter begins, 
then 72 must vanish at the front as well as the flank, and we conclude that the shear on the base will be | 
given by the symmetrical parabola of equation (iv.) of p. 5. 

This is the justification of the statement made that the parabolic distribution of shear is in practice as 
justifiable as the linear distribution of pressure. 

In the case of the dam dealt with in the present paper, the blocking up of the tail has not been 
considered. Taking it into account, we find that the parabola of shear above indicated is, if height of 
masonry be the scale, 

Shear = 1°941¢€ — -027&2 


approximately. This has its axis only one foot removed from the centre of the base (73°36 feet base length). 
The parabola of shear given by (iv.) is 


Shear = 2°485€ — 0342. 


Considering the approximate character of the whole treatment, we think the symmetrical distribution 
of shear is as likely to express the facts of the actual distribution as the earlier parabola. We are quite 
clear that to treat the dam as approximately triangular and use LEvy’s line with a maximum shear at the 
flank would not in the least fit the case. It is obvious, however, that slight modifications of the contour 
of front or flank at the base theoretically may very considerably change the base distribution of shear. 
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